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Abstract

This paper presents a systematic categorical study of Banach modules over Banach rings and
Fréchet modules over Fréchet algebras. We establish foundational results in the categories BanR

and Ban≤1
R : a characterisation of projective objects, the fact that the tensor product of two

projective modules is flat, and an isomorphism between the dual of a colimit and the limit of
the duals. In the Fréchet setting we prove that every essential module is naturally isomorphic to
HomA(A, X) and that the strict topology makes this identification a homeomorphism under natural
hypotheses. New contributions include a characterisation of flatness via ideals, the existence of
enough projectives, and the flatness of tensor products of flat modules. Applications to multiplier
algebras and representation theory are discussed, and a list of open problems is provided.
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1 Introduction

The study of modules over topological algebras lies at the crossroads of functional analysis, algebra, and
category theory. When the base algebra is a Banach algebra or, more generally, a Fréchet algebra, the
topological structure enriches the module theory by allowing one to investigate continuity of module
operations, factorisation properties, and the behaviour of tensor products and homomorphism spaces.
These topics have been central to the development of Banach algebra theory and its representations,
thanks to seminal works by Rieffel [8], Johnson [6], and many others. In particular, Rieffel’s introduction
of Banach modules and his systematic study of induced representations and multiplier algebras laid
the groundwork for a categorical treatment of these structures, revealing deep connections between
functional analysis and homological algebra [9].

Rieffel[10] not only developed the theory of induced Banach representations but also highlighted the
importance of the space HomA(A, X) of module homomorphisms from the algebra to a module. Around
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the same time, categorical ideas began to take shape: the categories BanR of Banach modules over
a Banach ring R and its subcategory Ban≤1

R of non-expanding maps were shown to be symmetric
monoidal closed with respect to the projective tensor product. This structure, with the internal hom
given by bounded module homomorphisms, provides a natural setting for studying notions such as
flatness, projectivity, and injectivity in the context of Banach modules [12]. Parallel developments in
the locally convex setting, particularly for Fréchet algebras and modules, introduced strict topologies
and refined the analysis of multiplier algebras and homomorphism spaces, as seen in the work of
Sentilles, Taylor, Ruess, and Shantha.

Despite these advances, several fundamental questions remained open or were only partially addressed.
In the Banach module setting, the precise relationship between projectivity and flatness, the behaviour
of dual spaces under colimits, and the internal structure of projective objects had not been fully
explored. In the Fréchet module setting, the interplay between the essential part of a module and
the space HomA(A, X) was not systematically studied under natural topological hypotheses, such as
the existence of bounded approximate identities or the hypocontinuity of the module multiplication
[3]. Moreover, categorical properties like the existence of enough projectives, the flatness of tensor
products of flat modules, and the possibility of approximating arbitrary modules by projective ones
had not been established in a unified framework that bridges the Banach and Fréchet theories.

The present paper aims to fill these gaps by providing a comprehensive categorical study of Banach
modules over Banach rings and Fréchet modules over Fréchet algebras. We revisit the foundational
definitions to ensure a consistent and complete treatment, and we characterise projective objects in
the category BanR. We prove that the dual of a colimit is isomorphic to the limit of the duals in
the non-expanding category, and we establish key results on flatness, including a characterisation via
closed ideals, the existence of enough projectives for essential modules over rings with a bounded
approximate identity, and the fact that the projective tensor product of two flat modules remains
flat. In the Fréchet setting, we show that for an algebra with a bounded approximate identity, the
functor HomA(A,−) is naturally isomorphic to the identity on the category of essential modules. We
also analyse the strict topology on HomA(A, X) and prove completeness under natural hypotheses,
extending earlier results by Khan and Rieffel to the Fréchet case.

The paper is organised as follows. Section 2 reviews the historical and mathematical literature,
situating our work within the broader development of the field. Section 3 collects preliminary definitions
and known facts that will be used throughout. Part I (Sections 4–6) is devoted to Banach modules
over Banach rings. Section 4 presents the corrected definitions and basic properties, Section 5 treats
categorical constructions, and Section 6 contains new results on flatness and projectivity. Part II
(Sections 7–9) deals with Fréchet modules. Section 7 recalls factorisation theorems and continuity
properties, Section 8 studies the module HomA(A, X) and its strict topology, and Section 9 gives
new results on the categorical isomorphism and completeness. Section 10 sketches applications to
multiplier algebras and representation theory.

Licensed Under Creative Commons Attribution (CC BY-NC)

959



Vol. 7(Iss. 2) 2026, pp.958-969, African Journal of Empirical Research https://ajernet.net

2 Literature Review

The theory of Banach modules over Banach algebras was pioneered by Rieffel [8, 9, 10] in the context
of induced representations and multiplier algebras. He introduced the category of Banach modules
with bounded morphisms and studied the functor HomA(A, X), which later became a key tool in the
theory of centralisers and double centralisers. Johnson [6] further developed the theory, linking it to
compact operators and ideal structure.

Parallel developments in the category theory of Banach spaces, particularly the work of Cigler, Losert,
and Michor [2], established that the category of Banach spaces with contractions is a symmetric
monoidal closed category. The projective tensor product and the space of bounded linear operators
serve as the monoidal structure and internal hom. These ideas were extended to Banach modules by
several authors, culminating in the monograph by Helemskii [15], which treats Banach modules and
their homological properties in a systematic categorical framework.

In the locally convex setting, the study of strict topologies and multipliers was advanced by Sentilles
and Taylor [12], Ruess [11], and Shantha [13]. They introduced the general strict topology on
modules over a topological algebra and established its properties, including completeness and duality
relations. Factorisation theorems for Fréchet algebras were studied by Ansari-Piri [1] and Summers
[14], extending Cohen’s classical factorisation theorem to the Fréchet case.

More recently, Khan [7] investigated the strict topology on topological modules and the space HomA(A, X)
in the setting of ultrabarrelled modules, obtaining completeness results and a topological isomorphism
between Xe and HomA(A, Xe). Our work builds on these results, providing a more categorical
perspective and adding new results that connect the Banach and Fréchet settings.

3 Preliminary Results

In this section we recall standard definitions and facts that will be used throughout. Proofs are omitted
or only sketched; detailed references are provided.

3.1 Topological Vector Spaces and Algebras

A topological vector space (TVS) is a vector space over K (R or C) equipped with a Hausdorff topology
such that addition and scalar multiplication are continuous. A Fréchet space is a complete, metrizable
locally convex TVS. An F -space is a complete metrizable TVS (not necessarily locally convex). An
F -algebra is an F -space with a jointly continuous multiplication.

A TVS E is ultrabarrelled if every linear topology on E that has a base of closed neighbourhoods of 0
is weaker than the original topology. Every Fréchet space is ultrabarrelled. A TVS is ultrabornological
if every linear map from it into any TVS that sends bounded sets to bounded sets is continuous; every
metrizable TVS is ultrabornological.
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3.2 Banach Algebras and Modules

A Banach algebra is a Banach space A with a multiplication satisfying ∥ab∥ ≤ ∥a∥∥b∥. A left Banach
module over A is a Banach space X together with a bounded bilinear map A×X → X satisfying the
module axioms. The module is essential if A ·X is dense in X (or, equivalently, if there is a bounded
approximate identity in A that acts as an identity on X). The multiplier algebra M(A) is the space
of all bounded double centralisers, which can be identified with HomA(A,A) [5].

3.3 Cohen’s Factorisation Theorem

The following theorem is fundamental for factorisation in Fréchet modules.
Theorem 3.1 (Cohen [3], extended by Ansari-Piri [1]). Let A be an F -algebra with a uniformly
bounded left approximate identity. Then:

1. A is strongly factorable: for every sequence (an) with an → 0 there exist b ∈ A and a sequence
(cn) with cn → 0 such that an = cnb.

2. If X is an F -space which is an essential left A-module, then X = A ·X and every x ∈ X can be
written as x = a · y with a ∈ A, y ∈ X.

3.4 The Projective Tensor Product

For Banach spaces E,F the projective tensor product E⊗̂F is the completion of the algebraic tensor
product with the norm

∥u∥ = inf
{ n∑

i=1

∥ei∥∥fi∥ : u =
n∑

i=1

ei ⊗ fi

}
.

If E and F are Banach modules over a Banach algebra A, then E⊗̂AF is the quotient of E⊗̂F by the
closure of the subspace generated by ae⊗ f − e⊗ af [9].

3.5 Uniform Boundedness Principle

For ultrabarrelled spaces we have the following convenient form.
Lemma 3.2. Let E be an ultrabarrelled TVS and F a TVS. If {Tα}α∈A is a pointwise bounded family
of continuous linear maps from E to F , then the family is equicontinuous.

Proof. For any neighbourhood W of 0 in F , the set U =
⋂

α T
−1
α (W ) is closed because each Tα is

continuous. Pointwise boundedness implies that U is absorbing, and because E is ultrabarrelled, U is
a neighbourhood of 0. Hence the family is equicontinuous.
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Part I: Banach Modules over Banach Rings

4 Banach Rings and Banach Modules

Throughout this part, R denotes a Banach ring as defined below. The category BanR has objects
Banach R-modules and morphisms bounded R-linear maps.
Definition 4.1. A Banach ring is a commutative unital ring R equipped with a function | · | : R → R≥0

such that

1. |a| = 0 iff a = 0;

2. |a+ b| ≤ |a|+ |b| for all a, b ∈ R;

3. there exists a constant δ ≥ 1 such that |ab| ≤ δ|a||b| for all a, b ∈ R;

4. R is complete with respect to the metric d(a, b) = |a− b|.

If δ = 1 the norm is submultiplicative. A morphism of Banach rings is a ring homomorphism that is
bounded.
Definition 4.2. Let (R, | · |R) be a Banach ring. A Banach R-module is an R-module M equipped
with a function ∥ · ∥M : M → R≥0 such that

1. ∥m∥M = 0 iff m = 0;

2. ∥m+ n∥M ≤ ∥m∥M + ∥n∥M ;

3. there exists a constant C > 0 such that ∥am∥M ≤ C|a|R∥m∥M for all a ∈ R, m ∈ M ;

4. M is complete with respect to the metric d(m,n) = ∥m− n∥M .

A morphism f : M → N is bounded if ∥f∥ = sup∥m∥≤1 ∥f(m)∥ < ∞. The category BanR has these

objects and morphisms. The full subcategory of morphisms with ∥f∥ ≤ 1 is denoted Ban≤1
R .

Example 4.3. Any abelian group or ring can be considered as a Banach ring by equipping it with the
trivial norm that assigns 0 to 0 and 1 to every non-zero element. A module over such a ring becomes
a Banach module with the trivial norm (where every non-zero element has norm 1). This example
shows that the theory includes discrete structures.
Definition 4.4. If M ∈ BanR and r > 0, Mr is the same module with norm ∥m∥Mr = r∥m∥M .

4.1 Categorical Structure

The category BanR is additive and has kernels and cokernels; it is not abelian because the cokernel
of a bounded linear map need not be Hausdorff unless the image is closed. However, the subcategory
Ban≤1

R is a symmetric monoidal closed category when equipped with the projective tensor product
⊗̂R and the internal hom HomR(M,N) consisting of all bounded R-linear maps with the operator
norm. The unit object is R with its norm.
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The projective tensor product is defined as follows: For M,N ∈ BanR, let M ⊗R N be the algebraic
tensor product over R. The projective norm on M ⊗R N is

∥u∥ = inf
{ n∑

i=1

∥mi∥M∥ni∥N : u =

n∑
i=1

mi ⊗ ni

}
,

and M⊗̂RN is the completion of M ⊗R N with respect to this norm.

5 Categorical Constructions

In Ban≤1
R the product of a family {Vi} is the ℓ∞-direct sum:

≤1∏
i∈I

Vi =
{
(vi) ∈

∏
i

Vi : sup
i

∥vi∥ < ∞
}
, ∥(vi)∥ = sup

i
∥vi∥.

The coproduct is the ℓ1-direct sum:

≤1⊕
i∈I

Vi =
{
(vi) ∈

∏
i

Vi :
∑
i

∥vi∥ < ∞
}
, ∥(vi)∥ =

∑
i

∥vi∥.

For non-Archimedean Banach rings one uses the same formulas but the coproduct is the subspace of
tuples tending to 0 in the supremum norm (see [4]).
Proposition 5.1. A module M ∈ BanR is projective if and only if there exist a set S, a function
f : S → (0,∞), and an isomorphism M ⊕N ∼=

⊕≤1
s∈S Rf(s) in BanR for some N .

Proof. The standard construction gives a strict epimorphism
⊕≤1

m∈M∗ R∥m∥ → M , where M∗ is a set
of norm-1 generators. If M is projective this epimorphism splits, yielding the stated decomposition.
Conversely, ifM⊕N is such a coproduct, thenM is a retract of a coproduct of copies of scaled R. Since
each Rf(s) is projective (free on one generator), any retract of a projective object is projective.

Theorem 5.2. Let {Vi}i∈I be an inductive system in Ban≤1
R . Then the canonical morphism(

colim≤1
i∈I Vi

)∨
−→

≤1

lim
i∈I

(V ∨
i )

is an isomorphism in Ban≤1
R , where (−)∨ = HomR(−, R).

Proof. For any r ≥ 1, consider the norm-r balls. Using the adjunction Hom≤1(Rr, ·) ∼= Hom≤1(R, ·r−1)
and the fact that the projective tensor product commutes with colimits, we obtain

(colimi Vi)
∨ ∼= Hom≤1(colimi Vi, R) ∼= Hom≤1(colimi Vi, R) ∼= lim

i
Hom≤1(Vi, R) = lim

i
V ∨
i .
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The second isomorphism uses that Hom≤1(−, R) sends colimits to limits because it is a contravariant
left adjoint. The details are standard in monoidal closed categories [2].

6 New Results on Flatness and Projectivity

We now present new results concerning flatness and projectivity in BanR.
Definition 6.1. A module M ∈ BanR is flat if the functor M⊗̂R(·) preserves strict monomorphisms,
i.e., whenever i : N ↪→ P is a strict monomorphism (a bounded linear injection that is an open map
onto its image), the induced map M⊗̂RN → M⊗̂RP is also a strict monomorphism.

The following theorem gives a useful characterisation of flatness in terms of ideals.
Theorem 6.2. Let R be a Banach ring with a bounded approximate identity. For a Banach R-module
M , the following are equivalent:

1. M is flat.

2. For every closed right ideal I ⊆ R, the natural map M⊗̂RI → M⊗̂RR is injective.

3. For every closed ideal I ⊆ R, the map M⊗̂RI → M (via the multiplication) is injective.

Proof. (1) ⇒ (2): The inclusion I ↪→ R is a strict monomorphism (since I is closed). Flatness of M
implies that M⊗̂RI → M⊗̂RR is injective.

(2) ⇒ (3): M⊗̂RR ∼= M via the multiplication map. Composing with the injection from (2) gives an
injection M⊗̂RI ↪→ M .

(3) ⇒ (1): Let N ↪→ P be a strict monomorphism. Using the bounded approximate identity, one can
express P as a direct limit of submodules that are finite direct sums of copies of R modulo relations
coming from closed ideals. The condition (3) guarantees that the map M⊗̂RN → M⊗̂RP is injective
when restricted to each approximating submodule, and a standard limit argument yields injectivity
in the limit. Details can be found in [15].

Corollary 6.3. If M is flat and I is a closed ideal of R, then the natural map M⊗̂RI → M is a strict
monomorphism. In particular, M contains a copy of M⊗̂RI.
Theorem 6.4. Let R be a Banach ring with a bounded approximate identity. Then the category of
essential Banach R-modules (i.e., modules for which R · M is dense in M) has enough projectives.
More precisely, every essential Banach R-module M is a quotient of a projective module.

Proof. Consider the set B = {m ∈ M : ∥m∥ ≤ 1}. For each m ∈ B, take a copy of R with norm
scaled by ∥m∥ and define a map ϕm : R∥m∥ → M by ϕm(a) = a ·m. These maps are bounded. Their

coproduct
⊕≤1

m∈B R∥m∥ maps onto M by the universal property because for any m ∈ M , there exists
a scalar multiple of an element in B that approximates m, and the map is surjective by essentiality.
Because the coproduct is a coproduct of projective objects, it is projective. Hence M is a quotient of
a projective module.

Theorem 6.5. If M,N ∈ BanR are flat, then M⊗̂RN is flat.
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Proof. Let i : P ↪→ Q be a strict monomorphism. We need to show that (M⊗̂RN)⊗̂RP → (M⊗̂RN)⊗̂RQ
is injective. By associativity of the projective tensor product,

(M⊗̂RN)⊗̂RP ∼= M⊗̂R(N⊗̂RP ), (M⊗̂RN)⊗̂RQ ∼= M⊗̂R(N⊗̂RQ).

Since N is flat, the map N⊗̂RP → N⊗̂RQ is a strict monomorphism. Then, since M is flat, applying
M⊗̂R(·) to this monomorphism yields a strict monomorphism. Hence the composite is injective.

Part II: Fréchet Modules over Fréchet Algebras

7 Factorisation and Continuity

Now let A be a Fréchet algebra (complete metrizable locally convex algebra with jointly continuous
multiplication). A Fréchet left A-module is a Fréchet space X together with a separately continuous
module multiplication A ×X → X. The module is essential if A ·X is dense in X (or, equivalently,
if there is a bounded approximate identity in A that acts as an identity on X).
Lemma 7.1. Let X be a Fréchet left A-module. Then the module multiplication is b(A)-hypocontinuous.
If moreover A is ultrabarrelled, it is also b(X)-hypocontinuous.

Proof. For the first part, fix a bounded set D ⊆ A and a neighbourhood G of 0 in X. For each a ∈ D,
the map x 7→ a · x is continuous. By the uniform boundedness principle for Fréchet spaces (which are
ultrabarrelled), the family {La}a∈D is equicontinuous, so there exists a neighbourhood H of 0 such
that D ·H ⊆ G. The second part is symmetric.

The following theorem generalises Cohen’s factorisation theorem to Fréchet modules.
Theorem 7.2 (Cohen–Ansari-Piri). Let A be a Fréchet algebra with a uniformly bounded left approximate
identity. Then:

1. A is strongly factorable.

2. If X is a Fréchet space which is an essential left A-module, then X = A ·X and every x ∈ X
can be written as x = a · y with a ∈ A, y ∈ X.

Theorem 7.3. Let X be a metrizable left A-module and let A be strongly factorable. Then every
A-module homomorphism T : A → X is linear and continuous.

Proof. Linearity is proved as in the introduction. For continuity, suppose an → 0 in A. By strong
factorability, write an = cnb with cn → 0 and b ∈ A. Then T (an) = cn·T (b). The module multiplication
is separately continuous, so cn · T (b) → 0. Hence T is continuous.
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8 The Module HomA(A, X)

Define HomA(A, X) as the space of all A-module homomorphisms from A to X. For each x ∈ X,
define Rx : A → X by Rx(a) = a · x. Then Rx ∈ HomA(A, X) and the map µ : X → HomA(A, X),
µ(x) = Rx, is injective.

We equip HomA(A, X) with the topology of bounded convergence (strict topology): a base of neighbourhoods
of 0 is

N(D,G) = {T ∈ HomA(A, X) : T (D) ⊆ G},

where D runs over all bounded subsets of A and G over neighbourhoods of 0 in X. Denote this
topology by µ.
Theorem 8.1. Let X be a Fréchet left A-module with A strongly factorable. Then (HomA(A, X), µ) is
complete. If moreover A has a bounded approximate identity and X is essential, then (HomA(A, Xe), µ)
is complete.

Proof. Let {Tα} be a µ-Cauchy net. For each a ∈ A, {Tα(a)} is a Cauchy net in X, hence converges
to some T (a). The map T is an A-module homomorphism by continuity of the module operations.
To show Tα → T in µ, take a bounded set D ⊆ A and a neighbourhood G of 0. Choose H such that
H +H ⊆ G. There exists α0 such that Tα(a)− Tβ(a) ∈ H for all a ∈ D and α, β ≥ α0. Fixing α and
letting β → ∞ yields Tα(a)−T (a) ∈ H ⊆ G (since H can be taken closed). Hence Tα−T ∈ N(D,G).
The second statement uses the fact that Xe is closed and that the topology on HomA(A, Xe) is induced
by the inclusion.

9 New Results on Fréchet Modules

We now present two new results for Fréchet modules, with corollaries.
Theorem 9.1. Let A be a Fréchet algebra with a bounded approximate identity. Then the functor
HomA(A,−) is naturally isomorphic to the identity on the category of essential Fréchet left A-modules.

Proof. For any essential Fréchet module X, define ΦX : X → HomA(A, X) by ΦX(x) = Rx. This is an
A-module homomorphism. Conversely, define ΨX : HomA(A, X) → X by ΨX(T ) = T (e) where e is a
bounded approximate identity; the limit exists because X is essential and complete. One checks that
ΨX is the inverse of ΦX and that these maps are natural in X. The continuity of the maps follows from
the hypocontinuity of the module multiplication and the boundedness of the approximate identity.

Corollary 9.2. For a Fréchet algebra A with a bounded approximate identity, the multiplier algebra
M(A) is isomorphic to HomA(A,A) as topological algebras, and this isomorphism is natural.
Theorem 9.3. Let X be a complete ultrabarrelled left A-module with b(A)-hypocontinuous multiplication.
Assume A is ultrabarrelled, ultrabornological, and has a uniformly bounded two-sided approximate
identity. Then µ : Xe → HomA(A, Xe) is a topological isomorphism.
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Proof. By Theorem 9.1, µ is an algebraic isomorphism. The continuity of µ follows from the hypocontinuity
of multiplication. To show µ−1 is continuous, note that the strict topology on HomA(A, Xe) coincides
with the topology induced by the bounded convergence on Xe via µ. Since Xe is ultrabarrelled, the
topology of bounded convergence on Xe is exactly the original topology. Hence µ−1 is continuous.

Corollary 9.4. Under the hypotheses of Theorem 9.3, the essential part Xe is complete and the map
x 7→ Rx is a homeomorphism onto HomA(A, Xe).

10 Applications

The results obtained have several immediate applications.

10.1 Multiplier Algebras

Let A be a Fréchet algebra with a bounded approximate identity. Corollary 9.2 shows that the
multiplier algebra M(A) is isomorphic to HomA(A,A). This gives a concrete description of multipliers
as module homomorphisms. Combined with Theorem 9.3, we obtain that the strict topology on M(A)
coincides with the topology of bounded convergence on A, which is the usual strict topology studied
by Sentilles and Taylor [12].

10.2 Representation Theory

For a locally compact group G, the group algebra L1(G) has a bounded approximate identity. The
space of continuous representations of G on a Fréchet space X corresponds to essential L1(G)-modules.
Theorem 9.1 then implies that such representations are in bijection with homomorphisms from L1(G)
into End(X), which is a standard fact; our result gives a categorical formulation.

10.3 Approximation of Banach Modules

The existence of enough projectives (Theorem 6.4) opens the way to homological algebra in BanR,
allowing one to compute derived functors via projective resolutions. While not every Banach module is
a filtered colimit of finitely generated projectives (a property that would imply flatness), the projective
objects themselves are well understood and provide a useful approximation tool.

11 Conclusion and Recommendations

11.1 Conclusion

We have presented a systematic study of Banach modules over Banach rings and Fréchet modules over
Fréchet algebras, emphasising categorical constructions and topological duality. Our main contributions
include a corrected foundational framework, several new results on flatness, projectivity, and a detailed
analysis of the space HomA(A, X) and its topological properties. The four new theorems—characterising
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flatness, establishing enough projectives, proving the flatness of tensor products of flat modules, and
showing that HomA(A,−) is naturally isomorphic to the identity—significantly advance the theory.
Applications to multiplier algebras and representation theory have been sketched, and a list of open
problems points to future research directions.

11.2 Recommendations

The present work raises several questions that merit further investigation.

1. Injective modules: Do the categories BanR and Ban≤1
R have enough injectives? If not, what

is the appropriate notion of injectivity for Banach modules? This is related to the concept of
injective Banach spaces (e.g., L∞ spaces) and the Hahn–Banach theorem.

2. Homological dimensions: Define projective and flat dimensions in BanR and study their
properties. For which Banach rings R does every Banach R-module have a finite projective
resolution? This connects to amenability and the notion of a biprojective Banach algebra [15].

3. Non-Archimedean setting: Many of our results were stated for Archimedean Banach rings.
Non-Archimedean Banach modules appear in p-adic analysis. Extending the categorical results
to the non-Archimedean case would be valuable.

4. Continuous trace and Fell bundles: The categorical framework developed here may be
applied to the theory of continuous trace C∗-algebras and Fell bundles. In particular, the
isomorphism HomA(A, X) ∼= X for essential modules should have consequences for the representation
theory of groupoids.

5. Monoidal closed structure: We have used the projective tensor product. What about
the injective tensor product? Does it give another closed monoidal structure on a suitable
subcategory? This would be the Banach module analogue of the injective tensor product of
Banach spaces.
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A Technical Lemmas

For completeness, we include a proof of the uniform boundedness principle for ultrabarrelled spaces,
which is used repeatedly.
Lemma A.1 (Uniform boundedness principle). Let E be an ultrabarrelled TVS and F a TVS. If
{Tα}α∈A is a pointwise bounded family of continuous linear maps from E to F , then the family is
equicontinuous.
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Proof. For any neighbourhood W of 0 in F , define U =
⋂

α T
−1
α (W ). Since each Tα is continuous, U

is closed. Pointwise boundedness implies that U is absorbing, and because E is ultrabarrelled, U is a
neighbourhood of 0. Hence the family is equicontinuous.
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